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' Abstract: We reconsider the issue of localization in open-closed B-twisted Lan- 

dau-Ginzburg models with arbitrary Calabi-Yau target. Through careful analsysis of 
^ ■ zero-mode reduction, we show that the closed model allows for a one-parameter fam- 

■ ily of localization pictures, which generalize the standard residue representation. The 

parameter A which indexes these pictures measures the area of worldsheets with 5*^ 
topology, with the residue representation obtained in the limit of small area. In the 
boundary sector, we find a double family of such pictures, depending on parameters A 
and II which measure the area and boundary length of worldsheets with disk topology. 
We show that setting /i = and varying A interpolates between the localization picture 
of the B-model with a noncompact target space and a certain residue representation 
proposed recently. This gives a complete derivation of the boundary residue formula, 
starting from the explicit construction of the boundary coupling. We also show that 
the various localization pictures are related by a semigroup of homotopy equivalences. 
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1. Introduction 



Closed topological Landau- Ginzburg models [1] have been a useful testing ground for 
string theory. They make direct contact with the topological sector of rational con- 
formal field theories through the Landau- Ginzburg approach to minimal models, and 
arise as phases of = 2 string compactifications [2]. Moreover, they give explicit 
realizations of the WDVV equations and examples of Frobenius manifolds, and have 
interesting relations with singularity theory. 

In a similar vein, one can expect to learn important lessons about open string 
theory by studying topological Landau-Ginzburg models in the presence of D-branes 
(see [30, 11] for some recent results in this direction). While basic D-brane constructions 
were considered by many authors (see [3] and references therein), a systematic study 
has been hampered by the lack of a reasonably general description of the boundary 
couphng (the "Warner problem" [4]). 

Progress in removing this obstacle was made recently in [5, 6, 8, 9, 10] (see also 
[7]). These papers proposed a solution of the Warner problem for B-twisted Landau- 
Ginzburg models with target space C" and for particular families of D-branes described 
by superbundles whose rank is constrained to be a power of two. In a slightly modified 
form, this solution was generalized in [12] by removing unnecessary assumptions, thus 
giving the general form of the relevant boundary coupling. 

As in the closed string case, it is natural to translate the physical data of open 
Landau-Ginzburg models into the language of singularity theory. For the closed string 
sector, a crucial step in this regard is the localization formula of [1], which relates 
topological field theory correlators to residues (see, for example, [13]). An open string 
version of this formula was proposed in [9], though a complete derivation based on the 
microscopic boundary coupling was not given. 

Given the boundary coupling constructed in [12], we shall re-consider this issue 
in the more general set-up of [14], and give a complete derivation of this localization 
formula. Another purpose of this paper is to extend the open and closed localization 
formulae in a manner which reflects the basic intuition [12] that the B-branes of Landau- 
Ginzburg models are the result of tachyon condensation between the elementary branes 
of the B-type sigma model, with tachyon condensation driven by the Landau-Ginzburg 
superpotential. As we shall show somewhere else, this allows one to make contact with 
the string field theory approach advocated in a different context in [15, 16, 17, 18, 19, 
20, 21, 22, 23, 24, 25]. 

Perhaps surprisingly, this is non-trivial to achieve already for the closed string 
sector. Indeed, the usual on-shell descriptions of the space of bulk observables differ 
markedly between the two models. In the B-twisted sigma model, this space is de- 
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scribed as the 9-cohomology of the algebra of (O,p)-forms on the target space, valued 
in holomorphic polyvector fields. In the Landau-Ginzburg case, the space of on-shell 
bulk observables can be identified with the Jacobi ring of the Landau-Ginzburg super- 
potential. As we shall see below, these two descriptions are related in a subtle manner, 
namely by a one-parameter family of "localization pictures" which interpolates between 
them. The existence of such a family will be established by refining the localization 
argument of [1]. The different pictures are indexed by a parameter A, which roughly 
measures the area of worldsheets with S*^ topology. The B-model description of the 
algebra of observables arises in the limit when the worldsheet is collapsed to a point, 
while the Jacobi realization is recovered for very large areas. More precisely, one can 
construct an off-shell model for each localization picture, with a reduced BRST opera- 
tor whose cohomology reproduces the space of on-shell bulk observables. The various 
pictures are related by a "homotopy fiow", i.e. a one-parameter semigroup of operators 
homotopic to the identity. This fiow induces the trivial action on BRST cohomology, 
thus identifying on-shell data between different pictures. 

Extending this construction to the boundary sector, we find a similar description. 
Namely, we shall construct a family of localization pictures indexed by two parameters 
A and fi, which - when real - measure the area of a worldsheet with disk topology and 
the length of its boundary. Taking /j, = 0, the standard realization of observables in 
the open B-model arises for A — > 0, while the LG description and residue formula of 
[9] are obtained in the opposite limit A +oo. The parameter /i plays an auxiliary 
role, related to a certain boundary term which was not included in [12] since it is not 
essential for the topological model. Contrary to previous proposals, we show that this 
parameter can be safely set to zero, without affecting the localization data. Physically, 
localization on the critical set of W is controlled by the bulk parameter A, and is 
completely independent of the choice of /i. In fact, one must set = in order to 
recover ^ the residue representation of [9]. 

The paper is organized as follows. In Section 2, we review the bulk Lagrangian 
and some of its basic properties, following [14]. In Section 3, we discuss localization 
in the bulk sector. Through careful analysis, we show that one can localize on the 
zero modes of the sigma model action, namely that part of the bulk action which is 
independent of the Landau-Ginzburg superpotential W. This gives the one-parameter 
family of localization pictures. We also give the geometric realization of these pictures, 
and the homotopy flow connecting them. In Section 5, we recall the boundary coupling 
given in [12] and adapt it by adding a supplementary term also suggested in [6, 8, 9] 

^The authors of [9] propose a different limit, namely /x +00 with A = 0. It does not seem possible 
to achieve localization on the critical set of W in this limit. 



3 



for a special case. This assures that the couphng preserves a full copy of the N = 2 
topological algebra, when the model is considered on a fiat strip. Since the second 
generator of this algebra is gauged when considering the model on a curved Riemann 
surface, this condition does not play a fundamental role for unintegrated amplitudes, 
but the modified coupling is useful for comparison with [9]. Section 5 constructs the 
boundary observables and correlators, and explains how our model for the boundary 
BRST operator arises in this approach. In Section 6, we discuss localization in the 
boundary sector. As for the bulk, we proceed by reducing to zero modes of the sigma 
model action. This gives a family of representations depending on two parameters A 
and iJ,. The second of these weights the contribution arising from the supplementary 
boundary term. After describing boundary homotopy flows and the associated geo- 
metric realization, we construct an off-shell representative for the bulk-boundary map 
of [28] (see also [26, 27]), and use it to recover (an extension of) the locahzation for- 
mula proposed in [9], by taking the limit A —>■ +oo with = 0^. Section 7 presents 
our conclusions. The Appendix gives the boundary conditions for the general D-brane 
coupling. 

2. The bulk action 

The general formulation of closed B-type topological Landau-Ginzburg models was 
given in [14], extending the work of [1]. We take the target space to be a Calabi- 
Yau manifold X, with the Landau-Ginzburg potential a holomorphic function W e 
H^iOx)- Since any holomorphic function on a compact complex manifold is constant, 
we shall assume that X is non-compact. In the on-shell formulation, the Grassmann 
even worldsheet fields are the components 0*, (jf of the map : E — X, while the G- 
odd fields are sections r/, 9 and p of the bundles 0*(TX), 0*(T*X) and 0*(TX) (g) r*E 
over the worldsheet E. Here T*E is the complexified cotangent bundle to E, while 
TX and TX are the holomorphic and antiholomorphic components of the complexified 
tangent bundle TX to X. This agrees with the on-shell field content of the B-twisted 
sigma model [29] . 

2.1 Action and BRST transformations 

To write the bulk action, we introduce new fields x, x G r(E, (f)*{TX)) by the relations: 



^In this limit, the supplementary term introduced in Section 5 does not contribute, so one can use 
the simplified boundary coupling of [12]. 



= x' + x' 



(2.1) 
(2.2) 
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We shall also use the quantity 6** = G^^9j. 

As in [14], it is convenient to use an off-shell reahzation of the BRST symmetry. 
For this, consider an auxihary G-even field F transforming as a section of (f)*{TX). 
Then the BRST transformations are: 



s<P' = o , s<p' = x' + r = v' 
s^^F^-ri^^^ , s^ = -F^ + ri^x^)f 



(2.3) 



5F' = ie'''^ 



1 



, 5F'^ri-,P{x' + x') 



These transformations are independent of W. Moreover, the transformations of 0, 
77 and p do not involve the auxiliary fields. In particular, we have Sr)^ — 0. These 
observations will be used in Section 4. 

Let us pick a Riemannian metric g on the worldsheet. The bulk action of [14] takes 
the form: 

Sbuik = Sb + Sw (2.4) 

where: 



+ ].e''^Ruu3(^Jp1x' 



(2.5) 



is the action of the B- twisted sigma model and Sw — Sq-\-Si is the potential-dependent 
term, with: 



Si 



"2 / ^ 



{diW)F' + -e'^^D.djWpy^ 



(2.6) 
(2.7) 



The quantity e'^f' = ^ is the Levi-Civita tensor, while e"'^ is the associated density. 
We have rescalcd the Landau-Ginzburg potential by a factor of | with respect 
to the conventions of [14] (the conventions for the target space Riemann tensor and 
covariantized worldsheet derivative Da are unchanged). In Sw, we separated the term 
depending on W from that depending on its complex conjugate. 

As shown in [14], the topological sigma model action (2.5) is BRST exact on closed 
Riemann surfaces. Since in this paper we shall allow E to have a nonempty boundary. 
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and: 



we must be careful with total derivative terms. Extending the computation of [14] to 
this case, we find: 

Sb + s^ 5Vb (2.8) 

where: 

Vb := ^ d'a^Cj Q^^'^pL^/s^^^ - Is^'^Pl.dp^^ - F'x'^ (2.9) 

s:^i f (fa^e^^d^{G-,^xyp) - ^ I d{G-,jxy) ■ (2.10) 

Since total derivative terms do not change physics on closed Riemann surfaces, we are 
free to redefine the bulk sigma-model action by adding (2.10) to Sb- 

Sb -.^ Sb + s ^ 5Vb . (2.11) 

Accordingly, we shall use the modified bulk Landau-Ginzburg action: 

Sbuik — Sbuik + s — Sb + So + Si . (2-12) 

It is not hard to check that the term 5*0 is BRST exact: 

So = 5Vo (2.13) 

where: 



Vo='-Jj'a^9'diW . (2.14) 

Equations (2.8) and (2.13) are local, i.e. they hold for the associated Lagrange densities 
without requiring integration by parts. Thus both of these relations can be applied to 
bordered Riemann surfaces. 

Since the boundary term (2.10) is independent of the worldsheet metric, the bulk 
stress energy tensor has the form given in [14]: 



^ _ 1 S Sbuik _ 1 ^ _ 



1 

9nu 



2 



(2.15) 



As explained in [14], T^^ is BRST exact only modulo the equations of motion for the 
auxiliary fields: 

F'^^G'~^djW , F^^-^G^^djW . (2.16) 



6 



Imposing these equations, one finds: 



(2.17) 



This obeys the BRST exactness condition [14] : 



t: 



IDS 



6G 



(2.18) 



where^ : 



(2.19) 



On an infinite fiat cyhnder, the supercharges: 




(2.20) 



generate symmetries 5^ = {G'^,-}p which together with 5 = {Q,-}p and a supple- 
mentary nilpotent transformation 6' := {M,-}p form the topological algebra of [14] 
(here {■, ■}p is the Poisson bracket of the Hamiltonian formulation). When placing the 
model on a flat strip, the boundary conditions break the symmetries 6' and 6i, but 
preserve the subalgebra generated by S and Sq. In the untwisted model, this subalgebra 
corresponds to the usual B-type supersymmetry considered, for example, in [3]. 

2.2 BRST variation of the bulk action and the topological Warner term 

It is not hard to check that the BRST variation of Sbuik produces a boundary term: 



The presence of a non-zero right hand side in (2.21) is known as the Warner problem 



2.3 ^o-Vciriation of the bulk action on flat Riemann surfaces 

When considered on a fiat Riemann surface, our model has an enlarged symmetry 
algebra which was originally described in [14]. In this paper we shall need only the 
subalgebra obtained by considering an additional odd generator Sq beyond the BRST 




(2.21) 



[4]. 



^The formula given for G^v in [14] seems to be missing a global prefactor of — ^. 
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generator of (2.3). In the notations of [14], we have 60 = {Go, }, where Gq = Gz + Gz- 
Using the results of [14], one finds: 

SoPo = , 6op\ = -iF' (2.22) 
50^7^ = ^00^ , 6oe' = -td,<l/ 

In this subsection, we are assuming that the worldsheet metric is fiat, namely — S^p 
in the real coordinates (7° and a^. 

If E is a cylinder, one finds SoSbuik — 0. However, the Sq variation of Sbuik gives a 
boundary term when the model is considered on the strip or on the disk. Let us take 
E to be infinite the strip given by ((7°, a^) e M x [0, tt]. We find: 

SoSbuik = -7 / drrfdiW . (2.23) 

Here dr = da^ is the length element along the boundary of S. 

3. Localization formula for correlators on the sphere 

Let us consider zero-form bulk observables O which are independent on the auxiliary 
fields or F*. We are interested in the sphere correlator of such observables: 

(C)sphere = J V[<P]V[F]V[rj]V[e]V{p] c-^'-^'^O , (3.1) 

where we assume that O is BRST closed. 

In this section, we re-consider the localization formula for such correlators. Ex- 
tending the original argument of [1], we will extract a one-parameter family of repre- 
sentations of (3.1) as a finite-dimensional integral. The basic point is a follows. Since 
the B-model piece of the Landau-Ginzburg action is BRST exact off-shell, the standard 
argument of [29] implies that we can localize on the zero modes of the associated sigma 
model. Thus we shall localize on constant maps, without requiring that such maps 
send the worldsheet to the critical points of W . After this reduction, one finds that 
the Lagrangian density of the model becomes BRST exact, so the resulting integral 
representation is insensitive to multiplying the Lagrangian density by a prefactor A. 
Since the former appears multiplied by the worldsheet area, this prefactor measures 
the scale of the underlying S'^ worldsheet. Thus we obtain a one-parameter family of 
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localization formulae for our correlator. Each such "localization picture" allows us to 
give a geometric representation of genus zero data, thus providing a geometric model 
for the off-shell state space, BRST operator and bulk trace. 

In this approach, the residue representation of [1] is recovered in the limit Re A — > 
+00, which forces the point-like image of the worldsheet to he on the critical set of W. 
Intuitively, this is the limit of large worldsheet areas, the opposite of the "microscopic" 
limit A — > 0. Varying A allows one to interpolate between these limits, thus connecting 
the "sigma- model like" and " residue- like" models of genus zero data. 

3.1 Localization on S-model zero modes 

Since -S'b is BRST exact, we can replace the bulk action with: 

Sbuik — tSs + Sw = t6VB + Sw , (3-2) 

where t is a complex parameter with Ret > (so that the integral is well-defined). 
BRST invariance of the path integral together with BRST closure of O imply that the 
resulting correlator is independent of t. This means that (3.1) can be computed in the 
limit Kc t ^ +00, where the integral localizes on the zero-modes of Sb- Since p has 
no zero-modes on the sphere, we must consider configurations for which = while 
0, ?7, 9 and F are constant on the worldsheet. For such configurations, Sb reduces to: 

SbIzsto modes = —AG^jF^F'' , (3-3) 

with — Gij{(f)). Here A is the area of the worldsheet. The contribution Sw becomes: 

SwUo modes = ~A [d-O^Wx'x' ' {diW)F^ + {d,W)F''\ . (3.4) 
Combining these expressions, we find the zero-mode reduction of the worldsheet action: 



'S'o >S'ft„;fe|zero modes — —AG^jF^F-^ — — A 



Djd-jWey - idiW)F' + {diW)F' 



(3.5) 

where we wrote x and x in terms of rj and 6. The correlator (3.1) reduces to an ordinary 
integral over the zero-modes 0*, 0*, F*, and rj^, Of. 

(C)sphere = J dcfxlFdr^de e'^^O . (3.6) 

On zero modes, the BRST generator (2.3) takes the form: 

S(t)'^0 , 5(1/ = rf 

5rf^0 , = 2F^ + rt^^V (3.7) 
5F'^0 , 5F' ^tI-^f'^t]^ . 
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In particular, we have: 

Cj^F^ =^-6[G,jre^ , (3.8) 

which is the zero- mode remnant of equation (2.8). One can also check directly that the 
reduced action is BRST-closed. 

The integral over F can be cast into Gaussian form through the change of variables: 

= F' + ^G'~^djW , F^ ^F~' -l-d^djW . (3.9) 



Then the reduced action becomes: 

1 
4 



SQ^-AGfjF'F~^ + \a -iDjd^We'rf + G'^{diW){djW) . (3.10) 



Integrating over F, we find: 

(C)sphere = N j d^dl^dOe-^'^'O , (3.11) 

where: 

Lo := -iDjd-jWey + G'~^{diW) (djW) (3.12) 
plays the role of zero-mode Lagrange density. The prefactor in (3.11) has the form: 

- A-det{G,j) ' ^^-^^^ 

where n is the complex dimension of the target space X. Since we integrated out the 
fields F, the BRST generator on zero-modes reduces to: 



50^ = , 5(1)' = n 

jk 

which is obtained from (3.7) by imposing the equations of motion: 



5r]'^0 , 59' ^-iG'^djW ^Vi-^e^rf , (3.14) 



F'^^G'~^djW , F^^-^G'^djW . (3.15) 

For later reference, notice that the last relation in (3.14) is equivalent with: 

S0. = -idiW . (3.16) 

Using this form of the BRST transformations, one finds that the zero-mode La- 
grange density (3.12) is BRST exact: 

Lo^5vo , (3.17) 
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where: 

vo^ie%W . (3.18) 

Thus we can replace (3.11) by: 

(O)sphere = N J d(j)dr]d9 e'^'^^'O , (3.19) 

where A is a complex parameter with positive real part. The integral (3.19) is indepen- 
dent of its value. 

3.2 The space of bulk observables and its cohomology 

The observables of interest have the form: 

:= <;J(0(a))r;^H^) • ■ ■v'''{cT)e,,{a) . ..e,^{a) , (3.20) 

where u; := u^^'-i' dz^' A- ■ -Adz'^Ad^, A- • -Ad. is a section of the bundle APf*XAAiTX. 
After reduction to B-model zero modes, we are left with: 

0.=^ti{<t>)^'---Hn---(^j. , (3-21) 
which can be identified with the polyvector-valued form cu upon setting: 

rf^ = dz^ , Oj = dj . (3.22) 
The reduced BRST operator (3.14) becomes: 

S = d + iaw (3.23) 
where ig^^ is the odd derivation of A*TX uniquely determined by the conditions: 

igw{dj) = -idW(dj) = -idjW . (3.24) 

Thus the cohomology of the differential supcralgebra (1-1,5), where Ti := r{A*T*X A 
A*TX), models the algebra of bulk observables. The obvious relations: 

= (idw)' = dio^ + ia^d = (3.25) 

show that (TC, 6) is a bicomplex. Hence the BRST cohomology is computed by a spectral 
sequence whose second term equals: 

E,:^H,,iH-,{n)) . (3.26) 
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Since the target space is non-compact, we must of course specify a growth condition at 
infinity. We shall take H to consist of those sections of the bundle A*T*XAA*TX whose 
coefficients have at most polynomial growth. When the spectral sequence collapses to 
its second term, the BRST cohomology reduces to (3.26). A standard example is the 
case X — C^, with W a polynomial function of n variables. Then the 9-Poincare 
Lemma implies that Hq{T-C) coincides with the space rpoiy[A*TX) of poly vector fields 
with polynomial coefficients. In this case, the BRST cohomology reduces to the Jacobi 
ring C[xi . . . {diW . . . dnW), thereby recovering a well-known result. 

3.3 The geometric model 

Let us translate (3.19) into classical mathematical language. Using (3.22), we find: 

Lo = iWjdz^ Adi + G'~^{diW) (d-jW) e H . (3.27) 

Here Wj :— G^^Hkj, where Hij :— DidjW is the Hessian of W. Consider the Hessian 
operator: 

H = H'-dz^ (8) ^ e Hom(TX, fX) = T*X fX , (3.28) 
whose complex conjugate has the form: 

H = H'-.dz'^ 0die Hom{fX, TX) = f*X TX . (3.29) 

The quantity Ha '■= H^jdz^ A 5i G T*X A TX appearing in (3.27) is the antisymmetric 
part of H. On the other hand, the second term of (3.27) is the norm of the differential 
form dW = diWdz\ This gives the coordinate-independent version of (3.27): 

Lo^iHa+\\dW\\^ . (3.30) 

Also note the representation: 

vo^iG'^^diAdjW . (3.31) 
It is now easy to see that (3.19) becomes: 

TV a;:- ( C^.) sphere = / OA 

Jx 

where j denotes the total contraction of a form with a polyvector. The linear functional 
Tr realizes the bulk trace of [28]. 



(3.32) 
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Observation The integral representation (3.32) allows us to give another (and com- 
pletely rigorous) proof of A-independence for Suj — 0, with the assumption Re A > 0. 
For this, we have to show that the A-derivative of (3.32) vanishes. Since Lq — Svq and 
Scu — 0, this derivative takes the form: 

-^Ttlo^-XnJ nA QjS (^e-^^° AvoAu?j . (3.33) 

Thus it suffices to show that J^Q A [Qj6a] vanishes for any a E 7i which decays 
exponentially at infinity on X (the exponential decay for a = e^^^"VQ A a; in (3.33) 
is due to the second term in (3.27)). Notice further that J-^flA [fl^6a] vanishes for 
degree reasons unless Sa e r{A'^T*X AA^TX). Hence it is enough to show vanishing of 
Jx^ ^ [^-iSa] for an exponentially decaying a such that 5a e r{A"-f*X A PJ'TX). In 
this case, we obviously have 5a — Bp for some exponentially decaying /3 e r{A'^~^T*XA 
A^TX) (this follows by noticing that the image of iqw has vanishing intersection with 
the subspace r(A"f'*XAATX)). Therefore, we only need to show that ^ A [Vt^dj3\ 
vanishes. This last fact follows from A [VL^d(3\ = d {Q A [fij/5]), since the boundary 
term vanishes due to the exponential decay of f3. The assumption Re A > is crucial, 
since otherwise we cannot rely on exponential decay to conclude that the boundary 
term vanishes. 

3.4 Localization pictures and homotopy flows 

Expression (3.32) admits the following interpretation. Consider the one-parameter 
semigroup of operators U{X) acting on Ti, through wedge multiplication by e'^^°: 

U{X)uj := e-^'^° Au for all u e H . (3.34) 

The semigroup is defined on the half-plane A := {A e C|ReA > 0}, so that U{X) maps 
H into a subspace of itself. Then (3.32) takes the form: 

Truj :=Tr^{U{X)uj) , (3.35) 

where Tr ^ is the bulk trace of the B- twisted sigma model: 

Tr^u-.^N [ f]A(Oju;) . (3.36) 
Jx 

Since Lq is BRST closed (Lq = Svq), each operator U{X) is homotopy equivalent 
with the identity in the complex {7i, 5): 

U{X)^l + [5,Wx\ , (3.37) 
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for some operator Wx. In particular, U{X) is an endomorphism of our complex, i.e. the 
following relation holds: 

U(X)oS^5oU(X) . (3.38) 

Such a semigroup will be called a homotopy flow. It is clear that each U{X) is a 
quasi- isomorphism, i.e. induces an automorphism U^{X) on the BRST cohomology 
Hs{H). Following relation (3.35), we define the localization picture X by associating 
ujx ■— U{X){u;) E H to each u; E H (then lox is the representative of the "state" u; 
in the picture A). The representatives of this picture belong to the subspace Hx ■— 
U{X)(H) C TC. As in quantum mechanics, we have a representative for any operator 
T e End{7i) in the localization picture A: 

Tx := U{X) oTo U{-X) G EndiHx) , (3.39) 

where ReA > and U{—X) is defined as an operator from Hx to H. Relation (3.38) 
shows that the BRST operator is " picture- independent" in the following sense: 

Qx^QIh, , (3.40) 

where in the right hand side we restrict both the domain and image to Tlx- Relation 
(3.35) becomes: 

Tru; = Tr^tUA ■ (3.41) 

For A = 1^ = 0, we have U{0) = Idu and we recover the familiar data of the 
B-twistcd sigma model. Namely, Ti provides a geometric model for the ofi^-shell state 
space, the Dolbeault operator d models the "localized BRST operator" and Tr^ mod- 
els the bulk trace of [28]. Turning on the Landau-Ginzburg supcrpotcntial W and 
performing localization as above with "worldsheet area" A leads to a geometric model 
given by the triplet (?i, 5, Tr). This is related to the triplet describing the B- twisted 
sigma model by the modification 5 — d -\- igw of the BRST operator, followed by the 
homotopy fiow U{X). 

Because varying A along the real axis amounts to changing the area of the world- 
sheet, the operators U{X) implement a sort of " renormalization group flow" connecting 
the point-like (UV) limit A = with the large area (IR limit) A = +oo. Since the 
model is topological, such a flow "does nothing" at the level of BRST cohomology, but 
acts non-trivially off-shell. 

3.5 The residue formula for sphere correlators 

Since the integral (3.19) is independent of A, we can compute its value for Re A — > -|-oo 
(more specifically, we shall take A — > -|-oo with A e R). In this limit, the second term 
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in (3.12) forces the integral to localize on the critical points of W, and the Gaussian 
approximation around these points becomes exact. For simplicity, we shall assume 
that the critical points of W are isolated (the general case can be incorporated by a 
continuity argument). For simplicity, we shall also assume that the spectral sequence 
of Subsection 3.2 collapses to its second term. 

Taking A — > +00 with A G M, we find that the correlator (3.19) vanishes unless 
CO — f with / a complex-valued function defined on X ^. In this case, we obtain: 



(C^/) sphere 

(2vr) 



X''det{Hij)det{H- 



-det{G, 



^ In J2 [^!'(«A)"(-i)"("-')/Met(%)] 

V peCritW 

Since EpeCritw dct(4(p)) /(p) °^ Ix ^^twXw'" residue theory [13], one recovers the 
following generalization of the well-known result of [1] : 

(Ca;)sphere = UuleSS f (3.43) 

(0,W = c/^n^^^^«?L_ . (3.44) 

Here C is an uninteresting normalization constant. 




4. The boundary coupling 

In this section we discuss the boundary coupling of our models. The construction 
is based on [12], with a certain modification which will prove useful later on. After 
recaUing the basics of superconnections, we construct the coupling in the form of [12], 
with the addition of a term which insures 5o-invariance on a flat strip. While this 
does not affect the target space equations of motion, it will help us make contact 
with previous work on the subject. We also give the target space reflection of the 
(5o-invariance constraint. 

^For this, notice that the bosonic Gaussian integral over fluctuations of ^ around each critical point 
of W produces a factor which is weighted by Thus the fermionic Gaussian integral over 6 and 
T] must produce n powers of A if one is to obtain a non- vanishing result in the limit A ^ oo. This 
obviously requires that contain no r/'s or ^'s, so that the highest (n-th order term) in the expansion 
of e+'^^^i^'^^'"n' survives when performing the integral over rj and 0. 
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4.1 Mathematical preparations 

Consider a complex superbundle E = © E_ over X, and a superconnection [31] B 
on E. We let r-t := TkE±. The bundle of endomorphisms End{E) is endowed with the 
natural Z2 grading, with even and odd components: 

End+{E) := End{E+) End{E_) (4.1) 
End-{E) := Hom{E+, EJ) Hom{E_, E+) . (4.2) 

The superconnection i3 can be viewed as a section of [T*X C?) End+{E)] © End-{E). 
In a local frame of ii^ compatible with the grading, this is a matrix: 



^(+) F 
G ^(-) 



(4.3) 



whose diagonal entries A^^^ are connection one- forms on E±, while F, G are elements 
of Ham{E-,E^) and Hom{E^,EJ). We require that the superconnection has type 
(0, < 1), i.e. the one-forms ^^^^ belong to rt^^'^\End{E±)). The morphism F should 
not be confused with the curvature form used below. 

When endowed with the ordinary composition of morphisms, the space of sections 
T{End{E)) becomes an associative superalgebra. The space Hb := n^^'*\End{E)) also 
carries an associative superalgebra structure, which is induced from {Q^^'*\X), A) and 
{T{End{E)), o) via the tensor product decomposition: 

n'^^'*\End{E)) ^n^°'*\X)<»aio,o)^x)'^iEnd{E)) . (4.4) 

For decomposable elements u = u ® f and v = r}® g, with homogeneous tu, 7] and /, g, 
the associative product on Hb takes the form: 

uv^{-l)'^^^f'^''{u}Ar])(®{fog) , (4.5) 

where deg denotes the grading of the superalgebra End{E): 

deg(/) = 0eZ2 iifeEnd+(E) , deg(/) = 1 e Z2 ii f e End^E) . (4.6) 

The total degree on Hb is given by: 

|a; ® /I = ihj + deg/ {mod 2) . (4.7) 

We also recall the supertrace on End{E): 

str(/)=tr/++-tr/__ , (4.8) 
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7++ f- 
./+- /- 

ior a,P — +,—. This has the property 



where / 



is an endomorphism of E with components fa/s € Hom{Eo,i Ep) 



str(/o^) = (-l)'i^s/'i^s^str(^o/) 



(4.9) 



for homogeneous elements /, g. 

The twisted Dolbeault operator: 



d + F 
G 9 + A(-) 



induces an odd derivation d + •] of the superalgebra Tib, where [m, v] 
(_l)l"lbl^^ is the supercommutator. 

The (0, < 2) part of the superconnection's curvature has the form: 



(4.10) 



uv — 



j7{o,<2) ^QQ^ 1^^^ B] = dB + BB 



.(+) 



(0,2)_ 



+ FG VF 



(0,2) 



(4.11) 



where -^(^0^2) are the (0, 2) pieces of the curvature forms F^^^ of ^4*^='') and: 

VF = + A^+^F + FA^-^ ^dF + oF-Fo A^'^ 
^G = dG + A^-^G + GA^-^^ ^ dG + A^'^ oG-Go . 

We will use the the notations: 

A := © A(-) 








, D: = 


"0 F" 





A(-\ 


G 0_ 



(4.12) 



(4.13) 



for the diagonal and off-diagonal parts of B. Then A is an connection one-form on E 
(compatible with the grading), while D is an odd endomorphism. We have B — A + D 
and: 



Here = ^^'2^ + ^/o 2) (0, 2) part of the curvature of ^ and Va = 9 + [A, •] 



.(-) 



(0,2) 



(0,2) 



is the Dolbeault operator twisted by A. 
4.2 The boundary coupling 

Following [12], we define the partition function on a bordered and oriented Riemann 
surface S by: 

Z:= [ V[(f)]V[F]V[9]V[p]V[ri]e-^''-"'Ui . . Mh , (4.15) 
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where h is the number of holes and the factors Ua have the form: 



M 



(4.16) 



We are assuming that the boundary of E is a disjoint union of smooth circles C^, asso- 
ciated with holes labeled by a. The symbol Str denotes the supertrace on GL(r+|r_), 
while dTa stands for the length element along Ca induced by the metric on the interior 
of E. The quantity M is given by: 



M = 



+ i (FFt + G^G) yiViF + i^rfViG^ 
\p\,ViG + '^rtV-iF^ ^^"^ + I {F^F + GG^) 



(4.17) 



Here p^dTa is the pull-back of to Ca and: 



(4.18) 



are connections on the bundles £± obtained by pulling back E± to the boundary of E. 
The dot in (4.18) stands for the derivative Notice that V^F = diF and VjG = diG 
since A is a (0, 1) -connection. 
We have: 



(4.19) 



where: 



(4.20) 



K:='-(rtVjD^ + [D,D^]^) 



and: 



(4.21) 



(4.22) 



Here A is the direct sum connection on End{E) introduced in (4.13). The first two 
terms in (4.19) agree with [12], while the last term K is added for comparison with [9]. 
As we shall see below, this term preserves BRST-invariance of the partition function 
(which is already preserved by the sum of the first two terms [12]). As for the open 
B-model, adding K insures invariance of the boundary coupling with respect to the 
second generator Sq of the N — 2 topological algebra, thereby fixing an ambiguity 
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familiar form Hodge theory^. This modification has minor effects which can be safely 
ignored for most purposes ^. 



4.3 The teirget space equations of motion 

To insure BRST invariance of the partition function (4.15), we must choose the back- 
ground superconnection B such that: 



Ca 



drpidiW 



Ua 



(4.23) 



In this paper, we also require 5o-invariance of the partition function on the flat strip: 



It is not hard to check the relations: 



drrfdiW 



Ca 



5Ua = - Str 



Ia{SM)Pe-fca 



dTaM 



(4.24) 



(4.25) 



where: 



+ ^vW[F\j,D^]+rf[VjD,D^] + [D',D^])Ua , 



+ 



and: 

where: 



5oUa = - Str 



Ia{5oM)Pe-fca'^^^^ 



(4.26) 



J Ca 



+ 



Ca 



^The symmetry generators 6 and can be viewed as analogues of the operators B and of Hodge 
theory, as already pointed out in [29] in the context of twisted B-models. The boundary coupling of 
[12] is chosen to preserve BRST invariance of the partition function. This is ambiguous up to addition 
of 'exact' terms, an ambiguity which we can fix by requiring Jg-invariance of the partition function. 

we shall see in the next section, the extra-term in the boundary coupling can be used to 
introduce a parameter ii characterizing boundary localization pictures. For most practical purposes, 
this parameter can be set to zero, which amounts to neglecting the last term in (4.19). In particular, 
one must set /x to zero in order to recover the trace formula of [9] . It is the bulk parameter A which 
must be taken to infinity in order to recover the proposal of [9] . 
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Here Ua{Ta) G GL(r+|r_) is a certain invertible operator^) which plays the role of 
'parallel transport' defined by M along Ca (see [12] for details). Namely Ua{Ta) ~ 
Uaira,0), where: 

C/„(r2,rO:=Pe-A^^W'^^ (4.27) 

if T2 > Ti. The origin of the proper length coordinate along is chosen arbitrarily, 
while the orientation on Ca is compatible with that of E. The quantities Fjj etc. are 
the (0, 2)-components of the curvature of the direct sum connection A introduced in 
(4.13). Notice the relations: 

Ua^StrHair) (4.28) 

where: 

Ha{T)^U{T + la,T) (4.29) 

are the " superholonomy operators" (here la the length of Ca). 

Relations (4.23, 4.24) and (4.25,4.26) show that the BRST and 5o-invariance con- 
ditions amount to: 

Fj-j = (4.30) 

V-iD = (4.31) 

Vi(D^) = diW (4.32) 

[D\D^] =0 . (4.33) 

The first relation says that A is integrable, so it defines a complex structure on the 
bundle E. The second condition means that D G End{E) is holomorphic with respect 
to this complex structure. The third equation requires D"^ — c + Wids, with c a 
covariantly-constant endomorphism. Comparing with (4.14), we find that these first 
three conditions are equivalent with: 

This is the target space equation of motion for our open string background [12]. Notice 
that (4.34) admit solutions only when r_|_ = r_. 

For backgrounds satisfying the equation of motion, the last condition in (4.30) 
reads: 

D^] = 0^ [D\ c] = . (4.35) 

This can be viewed as a partial "gauge-fixing" constraint, which is fulfilled, for example, 
if one takes c to be proportional to the identity endomorphism (in which case the 
proportionahty constant can be absorbed into W) . For simphcity, we shall take c — 
for the remainder of this paper. 

''This should not be confused with the homotopy flow of Subsection 3.4 ! 
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5. Boundary observables and correlators 



As we shall see in Section 6, the boundary conditions derived from the partition function 
(4.15) constrain 9 in terms of r] along the boundary of the worldsheet. Hence it suffices 
to consider boundary observables of the form: 



0^{T)^aj,.j^{^{T))rf^{T)...rf-{T) , 



(5.1) 



where r is a point on 9E. Here a :— a^^ i^dz^^ A • • • A dz^^ is a (0,p) form valued in 
End{E). 

Consider a collection of m topological D-branes described by superbundles en- 
dowed with superconnections Ba, such that the target space equations of motion are 
satisfied. The index a runs from 1 to m. Let E be a Riemann surface with m cir- 
cle boundary components C^, which we endow with the orientation induced from E. 
Choosing forms of £ \End{Ea)) and points . . .r^^J arranged in increasing 

cyclic order along Ca, we are interested in the correlator: 

ml „ 

(H n ^a^^^ja))^ ■= J -DimFMpimme-''-^" (5.2) 

a=l ja=ka 

m 

nStr [04.)(ri?)C/a(ri:\ri:LjO (^_^(r(:)_J . ■ ■ O („) (rj«y„(rj«), rg))] , 

a=l 

where we used the "parallel supertransport" operators defined in (4.27). The inte- 
gration domain in (5.2) is specified by the appropriate boundary conditions on the 
worldsheet fields, which will be discussed in more detail below. 

Let us first consider a single operator insertion Oa along a circle boundary compo- 
nent C. In this case, the relevant factor in (5.2) is: 



Str[//(T)e»„(T)] . 

We wish to compute the BRST variation of this quantity. From the relation: 

"1 



5H{t) = 
we obtain: 

5Str[i/(r)0„(r)] 
where: 



H{T)-r[H{T),D{T)-rA-{T)r^\T)\ 



c 



Str[i/(r)0„(r)] + Str[i/(r)5,0„(r)] , 



(5.3) 
(5.4) 

(5.5) 
(5.6) 
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Using the target space equations of motion, one easily checks that ^ 5^ squares to zero, 
so that it plays the role of an 'effective' BRST operator in the boundary sector. Notice 
that 5b arises naturally due to the second term in the BRST variation (5.4) of H{t). 
Using (5.6), we find the relation: 



(5.8) 



where D ~ Ds is the Dolbeault operator on Q^^'*\End{E)) twisted by the supercon- 
nection B. 

It is not hard to generalize (5.5) to the case of k insertions along C: 



'1 



(5.9) 



c 



Str[0„,(Tfe)C/(Tfc, Tk-i) . . . C»a,(ri)C/(Ti, Tk)] + 



+ Str[a,(Tfe) . . . C/(t,+i, Tj)5,0^.{T^)U{Tj, T,_i) . . . C»a,(Ti)C/(Ti, Tfc)] . 

Applying this to (5.2), we find that the BRST variation of e~^*"^^'^ is canceled by the 
first contribution in (5.9), summed over circle boundary components. This gives: 



5 e 



nStr kl.)(ri?)C/(ri?,r(:Lj . ■ ■ (ri^^ (r(«\ ri^)' 

L K(x 1 



a=l 
m ka 



- e-^-- Y: E [0^i^>iri:^Mri:\rt%) . . . 5,0^,.,{r^:^) . ■ ■ (»)(r}"^)C/(r}'^\ r^^) 



(5. 



a=l ja=i 



Equation (5.10) replaces the more familiar formula known from the open topological 
sigma model. Unlike the sigma model case, the left hand side includes the factor e~'^''""=, 
because its BRST variation does not vanish separately. Equation (5.10) implies that 
the correlator of (5b-closed boundary observables only depends on their ^^-cohomology 
class, and in particular such a correlator vanishes if one of the boundary observables is 
(5b-exact. Remember that S^uik — Sb + Sw BRST closure of Sb imphes that (5.10) is 



^Indeed, one has: 



(5.7) 
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equivalent with: 



m 



S e 



—Sw 



nstr [o^c.^{ri:^Mri:\ri:i,). 

L Ka 



(5.11) 



a=l 




3a 1 



a fact which will be used in Section 6. 

Observation It is easy to extend the discussion above by including boundary condi- 
tion changing observables, which in the present context have the form (5.1), but with 
a an element of n^'^'P\Hom{Ea, Ef,)). In this case, the operator (5.6) is replaced by: 



and D in relation (5.8) becomes the Dolbeault operator on Q^^'*\Hom{Ea, -Efe)), twisted 
by the superconnections Ba and Bb- 

6. Localization formula for boundary correlators on the disk 

We next discuss localization in the boundary sector. As for the bulk, we will proceed 
by localizing on sigma model zero-modes, thereby extracting a two-parameter family of 
localization formulae. The first index of this family is the bulk parameter A of Section 
3, while second parameter ^ is associated with the last term in (4.19). These two pa- 
rameters measure the area and circumference length of a worldsheet with disk topology. 
Each pair (A, fi) defines a localization picture, and a certain off-shell representation of 
the boundary trace of [26, 27, 28]. As we shall see below, the various pictures are 
again related by a homotopy flow, and in particular the various representations of the 
boundary trace agree when reduced to the cohomology of 5b. In this approach, the 
appropriate generalization of the residue representation of [9] is recovered in the limit 
A — s> +00 with 11 = 0. 

The boundary conditions induced by the coupling (4.15) can be extracted by study- 
ing the Euler-Lagrange variations of the non-local action Sgff = Sbuik — InW. These 
conditions are given explicitly in Appendix A, where we also show that they are BRST 
invariant modulo the equations of motion for the auxiliary fields F. The disk correla- 
tor of a collection of boundary observables Oai{Ti) . . . Oai^{Tk) (with ti . . . Tfc arranged 
in increasing cyclic order along the boundary) is obtained by performing the relevant 
path integral while imposing the boundary conditions, which cut out a subset C in field 



5bO^ := 50^ + {D^'^ + Af^rf)0^ - (-1)'-'^"C>,(L>(») + A^rf) 



(5.12) 
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configuration space: 

(a,(Tfc)...e'ai(Ti))disk= (6.1) 

= V[cP\V[F]V[rf(D[e\D[p\ e^^-- Str[0«, {nW^Tk, r^.i) ...O^, {n)U{n, n)] . 

In this section, we assume that are ^b-dosed: 

SbO^. ^ ^ Dsaj ^ . (6.2) 
6.1 Localization on S-model zero- modes 

Remember that Sbuik — Sb + Sw, where Sb — SVb is BRST exact. As in Section 3, this 
allows us to replace Shuik by tSB+Sw, without changing the value of the correlator (6.1). 
Here t is a complex variable with positive real part. Invariance of (6.1) under changes 
in t follows by differentiation with respect to this parameter upon using t^b-closure of 
and equation (5.11) ^. 

We can now take the limit Ret — > +oo to localize on the zero modes of Sb- This 
gives: 

. . . C»a,)disk = (0a)disk = N f dctxiridee-^"^' Str[i/oOa] ■ (6.3) 

To arrive at this formula, we noticed that the dependence of Tj disappears on zero- 
modes, we set q; := ctfe A • • • A cti and integrated out the auxiliary fields F. Also notice 
that 5i,Oa — due to relations (6.2). The symbol Hq denotes the restriction of the 
superholonomy factor H to zero-modes: 

HQ = e-^''° , (6.4) 



where I is the length of the disk's boundary and: 

ko:^v'^iD'' + [D,D'']^5,D'' . (6.5) 



The symbol Cq denotes the subset of the space of zero modes cut out by the boundary 
conditions. Since we integrated out the auxiliary fields, this subset is strictly BRST 
invariant: 

6CoCCo . (6.6) 

^The path integral over C of the BRST exact term involved in this argument vanishes because the 
boundary conditions determining C are preserved by the BRST transformations up to terms which 
vanish by the equations of motion for F (see Appendix A). 
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Using this property as well as ^-exactness (3.17) of Lq and 5b-exactness (6.5) of ko, one 
checks that (6.3) is insensitive to rescahngs of these quantities, and hence can be 
replaced with: 

(Oa)disk = iv/ #cir/c^^e-^^°Str[e-'^^°a] , (6.7) 

JCo 

where A and fi are complex numbers such that ReA > 0. The quantity (6.7) is inde- 
pendent of the values of these two parameters. 

To make (6.7) explicit, we must describe the restriction to Co- The relevant bound- 
ary condition takes the form (see Appendix A): 

i(Gijr]~^ + e,)U = Str[//(T)(9,L' + Ff^rf)] ^ Str[//(T)(^, + iVi)\ = , (6.8) 

where: 

Vi-.= diD + {Fi^-iG^W . (6.9) 

Equation (6.8) instructs us to replace 9i by —iVi under the supertrace in order to pro- 
duce the desired restriction. To implement these constraints, we shall use the quantity: 

n -e''-'-{ei,lEnd{E) +iVi,)... {eijEnd(E) + iViJ . (6.10) 

Consider an £'n(i(£^) -valued function / of 6*^: 

n ™ 1 

p=0 l<n<---<jp<n p=0 ^' 

where fi-^...ip G End{E) with /*<^(i)---*<^(p) = e{a)f^^-'^p for all cr G Sp and in the last 
equality we use implicit summation over ii . . .ip = 1 . . .n. Here Sp is the group of 
permutations on p elements, while e{a) is the signature of the permutation a. Then 
one checks the identity: 

Jde,... dejif{e^ . . . ^n) = f{-iVi • • • - iK) , (6.12) 

where the right hand side is defined by: 

n 

f{-zv, ...-^v^)■.= J2 E ^ E ^(^)(-^^v(.)) • • • i-^v^^jr-'^ 

p=0 l<ii<---<ip<n ireSp 
n ^ 

= E^(-^^^i)---(-^^^.)/"-^'' ■ (6-13) 
p=0 ^' 

^°Thc proof requires the identity 6 Str B = Str SbB for any quantity B built out of zero modes. This 
holds because the supertrace of any supercommutator vanishes. 
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For later reference, we note the case / = with some Grassmann-odd quantities 

depending on and rj. Then we have fi^,„ip = (— . . . and find f{—iVi 

iVn) — e~'^'^% using the fact that qj are mutually anti-commuting. This gives: 

J d0i... dene^'^m = J d9i... dejle'i'^' = e-'«'^' . (6.14) 

Relation (6.12) shows that IT is a sort of 'Poincare dual' of Co on the supermanifold 
of field configurations. Using (6.14), this observation allows us to write (6.7) as an 
unconstrained integral over the space of sphere zero-modes : 

{Oa)disk = N J d(/)dr]d9e-^^°Str[e-''''mO^] . (6.15) 

Employing equation (6.14), we find: 

{Oa)disi.^N J d<pdr)Str[e-^''°e-''^oO^] , (6.16) 

where: 

:= Lo\0,^-^v, = -Djd-^WVW + G'Hd,W){d-^W) = (6.17) 
= H'-jV^diD + rfr]^H\Fk-^ + G^^ {diW){djW) . 

It is easy to check the relation: 

hVi^diW , (6.18) 

which shows that the on-shell BRST variation (3.16) of 9i agrees with the variation 
of -iVi. 

h{OdEnd{E) + iVi) = <S=^ {59i)lEnd{E) = -l^bVi (6.19) 

(this in particular implies that 5X1 — Q). Using this equation and relation (3.17), one 
finds that Lq is ^^-exact: 

Ll^5,vl , (6.20) 

where: 

vl = vo\e,^-iv. = V'm ■ (6.21) 

Together with ^t-exactness of /cq, this can be used to give a direct proof of independence 
of (6.16) of A and fi. 

We end by mentioning some useful properties of V^. It is easy to compute the 
anticommutator: 

[Vi,Vj\.^didjW-5,[didj{D + A-^r)^)\ . (6.22) 
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Moreover, it is not hard to check the identity: 



[Vi,0]^di{S,0)-Sb{diO) (6.23) 

for any boundary observable O (as usual, the quantity on the left hand side is a super- 
commutator). In particular, a ^^-closed boundary observable supercommutes with Vi 
up to a (^ft-exact term. 

6.2 The space of boundary observables 

After reduction to zero-modes, each boundary insertion Oa can be identified with the 
superbun die- valued differential form a. This amounts to setting r]^ = dz\ so the su- 
pcralgebra Ti^ := QS^'*\End{E)) provides an off-shell model for the space of boundary 
excitations. Moreover, equation (5.8) identifies the boundary BRST operator 5^ with 
the operator Ds = V a + acting on Tib, where V a acts in the adjoint representa- 
tion and T> — •]. The target space equations of motion imply that squares to 
zero. Thus 7^6 is a differential superalgebra. To be precise, we take 7^6 to consist of 
bundle- valued differential forms with at most polynomial growth at infinity. 
The target space equations of motion imply the relations: 

Q-^^ = D'i = Q^oV + VodA = Q , (6.24) 

which show that Tib is a bicomplex. Thus the boundary BRST cohomology is computed 
by a spectral sequence E^ whose second term has the form: 

El^HT,{Hs^{nb)) . (6.25) 

In the simple case X = C", the holomorphic bundle E is the trivial superbundle of 
type (r+,r_) and the spectral sequence collapses to its second term. Then the BRST 
cohomology coincides with the cohomology of V taken in the space of square matrices 
of dimension r+ -|- r_ whose entries are polynomial functions of n complex variables. 
This recovers the result of [6] . 

6.3 The boundary-bulk and bulk-boundary maps 

The equivalent expressions (6.15) and (6.16) allow us to extract an off-shell version of 
the boundary-bulk map of [28]: 

/^(OJ = Str[e-'''=°nC»J . (6.26) 

This maps Tib to 7i and obeys: 

(Ca)disk = (/M(Ca))sphere ^ IV ^O; = IV f^{a) , (6.27) 
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where we identified a with Oa- Here Tr and Tr^ are the bulk and boundary traces 
determined by the localization formulae (3.19) and (6.16): 

Trcu ^ (Oa,)sphere = J d(f)dr]d0e-^''°O^ (6.28) 

Tr;.a = (e»„)disk = J d<f)dr)StT[e-^''°e-^^'°Oa] . (6.29) 

As in [28], we can also define a bulk-boundary map e through the adjunction formula: 

Tr{OMOa))^Tr,{e{0^)0^) . (6.30) 
Prom the relations above, we find: 

e(C^) := e^^o J dO^ . . . dOne'^'^^OJl . (6.31) 

This maps H to Hb- 

Using (6.19), we find that and e are compatible with the bulk and boundary 
BRST operators: 

Sof, = {~irf^o6b (6.32) 
5b o e = eo 5 . (6.33) 

To prove the second equation, we used the identity: 

sjdei... dOnfiei ...9n)^ Jdei... d9jf{e^ ...9^) , (6.34) 

which follows from (3.16). Relations (6.32) and (6.33) show that e and descend to 
wcll-dcfincd maps and between the bulk and boundary BRST cohomologics (the 
latter arc the maps considered in [28]). Since ko is 5b-exact, one easily checks that /* 
is independent of /x. 

6.4 A geometric model for the boundary trace 

As in Section 3, we can use the identifications rf = dz^ and 9i = di to represent our 
formulae in terms of standard geometric objects. We find: 

L^o = H4dD + F) + \\dW\\^ = 6bVo (6.35) 

with: 

= gradVFj (dD + F) (6.36) 
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and: 

fco = VbL*^ = V^D^ + [D, D^] . (6.37) 
The disk locahzation formula (6.16) becomes: 

Trf,a^N [ Q A str[e-^-^o A e^^^^" A a] , (6.38) 
Jx 

while the quantity (6.10) takes the form: 

U = hdi + iVi)A---A{dn + iVn) , (6.39) 

with: 

Vi ^ diD + (Ffj - iGfj)dz^ . (6.40) 
Defining V — dz^ ®Vi, we obtain: 

V = dD + F-iG , (6.41) 

where G := Gfjdz^ ®dzK Notice that here and above, dD is defined by dD — dz^^diD 
(the order matters since D is odd). 

6.5 Boundary localization pictures and the homotopy flow 

As for the bulk sector, one can define a two-parameter semigroup of operators acting 
on Tiij through: 

C/6(A,/i)(a) :=e-^-^o Ae-^'^" Aa . (6.42) 
The pair (A, ii) is taken inside the domain: 

Afe := {(A,//) e C^lReA > 0} . (6.43) 

Since both Lq and Lq are BRST-exact, each C/b(A,/x) is homotopy-equivalent with the 
identity so this defines a homotopy flow. We let: 

Tr ^ {a):^N [ nAstr{a) (6.44) 
Jx 

denote the boundary trace of the B-twisted sigma model (viewed as a linear functional 
on the off-shell state space Hb)- Then equation (6.38) becomes: 

IVft(a) = Trf([/6(A,//)(a)) . (6.45) 

Again one can define localization pictures indexed by A and /i. The boundary ERST 
operator satisfies: 

Ub{X,pi)o6b^5boUb{X,pi) . (6.46) 
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6.6 Residue formula for boundary correlators on the disk 

As in Section 3, we can use equation (6.15) to express boundary correlators in terms 
of generalized residues. For simplicity, we shall assume that the spectral sequence of 
Subsection 6.2 collapses to its second term. Setting //, = in (6.15) gives: 



We next take the limit A — > +oo with A e 1R+. As in Section 3, this forces the integral 
to localize on the critical points of W, while the Gaussian approximation around these 
points becomes exact. Counting the powers of A produced by the bosonic and fermionic 
Gaussian integrals, we find that the correlator vanishes unless a = f with / a section 
of End{E). In this case, (5b-closure of Of amounts to the conditions Va/ = and 
[D, f] = 0, and counting powers of A shows that the only contributions which survive 
in the hmit come from those pieces of the factor 11 which are independent of 9 and rj. 
This gives: 



where C is the constant introduced in Section 3. These expressions generalize the 
residue formula proposed in [9] . Notice, however, that the residue formula of [9] arises 
for /i = and in the limit Re A — +oo. The limit proposed in [9] (namely Re /i — > +oo 
with A = 0) does not suffice to localize the model's excitations unto the critical set of 
W. 

7. Conclusions 

We gave a detailed and general discussion of localization in the bulk and boundary 
sectors of B-type topological Landau-Ginzburg models. In the bulk sector, we showed 
that careful reconsideration of the localization argument of [1] leads to an entire family 
of localization formulae, parameterized by a complex number A of positive real part. 
When real, this parameter measures the area of worldsheets with S"^ topology. The var- 
ious "localization pictures" are related by a "homotopy fiow" (a semigroup of operators 
homotopic to the identity) , which implements rescalings of this area. The generalized 
localization argument leads to a one-parameter family of off-shell models for the bulk 
trace, extending the well-know result of [1]. The later is recovered for ReA — > -|-oo, a 
degenerate limit which leads to the standard residue representation. 




(6.47) 



(0a)disk = unless a = f E End{E) 



(6.48) 
(6.49) 
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In the boundary sector, a similar argument gives a family of localization formulae 
parameterized by complex variables A and // subject to the condition ReA > 0. When 
real, these parameters describe the area of a worldsheet with disk topology, respectively 
the length of its boundary. The boundary localization pictures are once again related 
by a semigroup of homotopy equivalences, which implements rescaling of the disk's 
area and of the length of its boundary. This leads to a two-parameter family of off-shell 
models for the boundary trace. We also showed that the residue formula proposed in [9] 
arises in the limit A +00 with p = 0, and generalizes to the set-up of [14, 12], which 
does not require constraints on the target space or on the rank of the holomorphic 
superbundle describing the relevant D-brane. In particular, this proves and generalizes 
the proposal of [9], though the residue representation we have found arises in a limit 
which differs from previous proposals. The argument required to establish this result 
is rather subtle, due to the complicated form of the boundary conditions. 
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A. Euler-Lagrange variations and boundary conditions 

Let us consider the Euler-Lagrange variations for our model. It is not hard to compute 
the variations of the bulk action: 




Sr,Sbuik ^ \ I d'a^ \g^PG-,^Djp - '-Djd^WoA Srf - \ I drG-M + iPoW (A.2) 
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For the boundary coupling U = StrH{0), we find: 

5U ^ -Str[H(0)Ic(5M)] , (A.5) 

where: ^ 

Ic{SM) = I dTU{T)-^5M{T)U{T) . (A.6) 

JQ 

For 5m we substitute the Euler-Lagrange variations: 

SeM = (A.7) 

6r,M = - Qi^^o + '-VjD^^ 5rf (A.8) 

5pM = -hdiD + F,j77^>p^ (A.9) 



and: 



with: 



2 

U'^SsMU = ^{U-^Ai5(j}u) + + Si5(j^)U (A.IO) 

ar 



5, = F.j^j^ + ^a,Fj,r7^>o' + ^P'o^i^.-^ + \v'[F^3, ^1 + ^[9.^, ^1 (A.ll) 
S.^Fj^^ + \ViF-^^rfp^^ + y,[Fj^,D]+'-rfV^^ . (A.12) 



This gives: 



SeU = (A. 13) 

5^U= f drStT[H{r)C,:^-,D^ + \Fjjpi)]5rf (A.14) 

\ I dr Str[H(T)(diD + Ff^rf)\5f^^ (A.15) 

8^ = - I dT{^iY[H{T)Si]54)' + ^iY[H{T)S-^5(lf) . (A.16) 

To extract the boundary conditions, we write: 

where Sgff = S^uik — InW is viewed as a (non-local) worldsheet action. Since we desire 
local equations of motion, the boundary contributions to (A.1-A.4) must cancel the 
variation of InZY: 

U5S^ik^5U . (A.18) 
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Imposing this requirement, we find the boundary conditions: 



G-ij ifi + ipi)U = - Str H{t) {iVjD^ + Fj^pi) 
i{Gf^rf + ei)U = StTH{T){diD + Ff^rf) 
Gj^{dn(tP + i4^)U = - Str[//(T)>Si] 
Gfj{dn(j^ - i^)U = - ^ir[H{T)Si\ . 



(A.19) 
(A.20) 
(A.21) 
(A.22) 



The Euler- Lagrange equations can be read off from the bulk contributions to (A.1-A.4): 



(A.23) 
(A.24) 
(A.25) 



It is not hard to see that the boundary conditions are BRST invariant modulo the 
equations of motion for F. For simplicity, we explain this for condition (A.20), which is 
of interest in Section 6. Starting with (A.20), one easily computes the BRST variations 
of the left and right hand sides: 



6{LHS) = 2iGfjF^U + i{Gfjrf + Oi 



p'diW 



as 



S{RHS) = {diW)U + 



P%W 



9S 



Str[H{T){diD + Fijrj^] 



(A.26) 
(A.27) 



The two variations obviously agree if one uses equation (A.20), provided that the 
equation of motion = —^G'^djW holds. 
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